All monomials with t-value ≤9 in Canonical basis of quantum group for type D 4 are determined in this paper.
Introduction
Quantum group, also called quantized enveloping algebra, was introduced independently by (Drinfel'd, V. G., 1985) [1] and (Jimbo, M., 1985) [2] . It plays an important role in the study of Lie groups, Lie algebras, algebraic groups, Hopf algebras, etc. The positive part of a quantum group has a kind of important basis, i.e., Canonical basis B introduced by (Lusztig, G., 1990) [3] , which plays an important role in the theory of quantum groups and their representations.
Some efforts on B have been done. (Lusztig, G., 1990) [3] introduced algebraic definition of B for the quantum groups in the simply laced cases, and gave explicitly the longest monomials in B for type 1 2 , A A . Afterwards, (Lusztig, G., 1992) [4] extended algebraic definition of B to the non-simply laced cases and gave 2 longest monomials in B for type 2 B . Then, (Lusztig, G., 1993) [5] associated a quadratic form to every monomial, and proved that, given certain linear conditions, the monomial is tight (respectively, semi-tight) provided that this quadratic form satisfies a certain positivity condition (respectively, nonnegativity condition). He showed that the positivity condition always holds in type 3 A and computed 8 longest tight monomials for type 3 A , and he asked when we have (semi-) tightness in type n A . Based on Lusztig's work, (Xi, N. H., positivity condition is always satisfied in type 4 A for a certain orientation of the Dynkin diagram, presented a semi-tight longest monomial for type 5 A , and exhibited a special longest monomial for type r A (for any 6 r ≥ ) with a quadratic form that does not even satisfy the conditions for semi-tightness, for any orientation of the Dynkin diagram (although it may turn out that the corresponding monomial is still tight). (Bedard, R., 2004) [12] proved that all longest monomials of type 4 D are semi-tight. (Reineke, M., 2001 ) [13] associated a new quadratic form to every monomial, and gave a sufficient and necessary condition for the monomial to be tight for the simply laced cases.
(Deng, B. M., Du, J., 2010) [14] proved that the Reineke's criterion works also for any quantized enveloping algebra associated with a symmetrizable Cartan matrix, and they gave all monomials in B for type 2 B t-value ≤ 6 in B for type 5 A , and (Hu, Y. W., Geng, Y. J., 2015) [17] determined all monomials t-value ≤ 6 in B for type 3 
B .
This paper computed all monomials with t-value ≤ 9 in B for type 4 D . 
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Lusztig gave the following criterion for a monomial to be tight or semi-tight. 
, , and , , . Let f be a quadratic form, if 
Main Results
Let g be of type 4 D as follows. 
Step 2. Repeat step 1 until all words in t M are considered, deleting the non-tight words with ( )
Step 3. Use Φ and Ψ , we have
For example, applying the M S − word-procedure to From now on, write 
, tight monomial has only one.
2)
, tight monomials have 4 families, where
3) 
S S S S
21232 13 2,35 4 .
M includes 93 families of tight monomials, where 
S S S S S
132132 14 3, 25 3,36 45 ; 
2123242 13 2,35 4,57 6 ;
2123212, 2124212 13 2, 26 35 4,57 6 . 
12132142,12142132 13 2,36 5, 25 34,58 67 ; 12142321,12132421 13 2,38 57 6, 25 34 ; 
M includes 265 families of tight monomials, where 
S S S S S S
= ∪ ∪ ∪ ∪ ,( ) { ( ) ( ) ( ) 1S = − − − − − − − − − − − − − − − − − − − − ( ) ( ) ( )}− − − − − − − − − − − − − − − ( ) { ( ) ( ) ( )S = − − − − − − − − − − − − − − − − − − − − Advances in Linear Algebra & Matrix Theory ( ) ( ) ( ) ( )}− − − − − − − − − − − − − − − − − − − − ( ) { ( ) ( ) () 3S = − − − − − − − − − − − − − − − − − − − − − ( )− − − − − − − − − − − − − − − − − − − − − − − − − ( )} 6 ; ( ) { ( ) ( )}S = − − − − − − − − − − − − − − − ( ) { ( )}S = − − − − − − − − − −
Proof of Theorem 3.1
Consider the following quiver Let us prove Theorem 3.1. For any t ∈  , let ( ) 
0 0 , , , a a a a a = ∈  , (5) holds. 
, , , , , 
q M i i a x a x x i i a y a y y i i a z a z z i i x i i y i i z i i a x a y xy i i a x a z xz i i a y a z yz
, , , , 
q M i i ax ax a x a x a x a x x x x x x x x x x x x x x x x x i i a y a y y i i a x a x a x x x x x x x x x x x x x x x i i y i i a x a x a x a x a y x
, , ,
, where 1  1  2  3 3  3  3  4  5  5 5  5  6  7  8   77  7  2  5  8  71  1  2  3  6   7 3  3  4  5  7  7 5  6  7  8  1  4 , , , (   1 1  1  1 1  1 2  3 3  3 4  3 5  5 6  5 7  5 8   2  2  2  2  2  2  2  2  2  7 2  7 5  7 8  1  2  3  4  5  6  7  8   1  2  3  4  5  6  7  1 2  1 3  1 4  1 6   1 7  1 8  2 3  2 5  2 6  2 8  3 4   2 ,   2  2  2  2  2  2  2  2  2   2  2  2  2 
Using the above algorithm in §2, we have { } { } At last, let us see 4 7 S , for words 2123212, 2124212 in , , , 
Using the above algorithm in §2, we have { } { } , , , , f x x x y is weakly positive, i.e.,
, , , , 0 f x x x y ≥ for any ( ) 10 1 9 , , , , x x x y ∈  , and ( ) 1 9 , , , , f x x x y = S , we can prove that words in 4 8 S are all tight. For , , , 1  22  2  1  33  3  2  3  55  5  2  3   61  1  2  63  2  3  66  6  1  3   82  1  2  85  2  3  88  8  1  3 , , 2  2  2  1 1  1  1 1  3 2  3 3  6 1  6 3  1  2  3   1  2  3  1 2  1 3  2 3  2 2  2  2 1  5 2  5 3   2  2  2  2  8 1  8 3  1  2  3  1  2  3  1 2  1 3  2 3   2  2  1 1  3  3 1  3 2  1  2   2 ,  2  2  2  2   2  2  2  2 ,   2  2  2  2  2  2 1  2  3  1  2  3  1  3  2  1  3  6  2  5  1   3  6  5  3  2  5  3  4  2   2  (   2  2   2 , , , , , , , 
Using the above algorithm in §2, we have 5 , , ;
. , , , , , , , f x x x x y y y y is weakly positive, i.e., ( ) 1 2  3  1  2  3 , , , , , , , 0 f x x x x y y y y ≥ for any ( ) 8  1 2 3  1  2  3 , , , , , , , x x x x y y y y ∈  , and ( ) 1 2  3  1  2  3  1  2  3  1  2 2  3  1  3  2  2  5  3  4  2  5   7  3  4  6  1  5  7  6  3  4  8  5  7 2 , , , , , 4  1  9  1  3  2  1  1  3  8  2  5  7  2   3  8  5  7  4  2  5  3  4  1  2  5  7  3  4   6  2  2  5  7  9  3  4  6  8  3  5  7  6  5   5  7  9  6  8  6  7  9  8  9 2 , , , , , 
. At last, let us see 5 9 S , we find that there is five 2, two 1, one 2, and one 4 in every word, so it suffices to consider word 212321242, we have 
, , , 0 f x x y ≥ for any ( ) 17 1 16 , , , x x y ∈  , and ( ) a a a a a a a a a a a a 
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